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INTRODUCTION 


The  first,  short  section  gives  a  brief  introduction  to  the  scatter¬ 
ing  matrix.  In  the  next  two  sections  we  consider  the  heart  of  our  present 
problem.  Section  II  deals  with  the  scattering  of  electrons  by  diatomic 
molecules,  specifically  oxygen.  The  treatment  is  restricted  in  such  a 
way  that  electronic  computing  machinery  is  not  requisite  to  the  final  solu¬ 
tion.  In  the  electron  case  the  Born  approximation  is,  of  course,  applica¬ 
ble  and  we  carry  the  problem  to  the  point  where  a  numerical  solution, 
which  could  readily  be  carried  out  on  a  desk  calculator,  is  required.  In 
Section  III  the  proton-molecule  scattering  problem  is  discussed,  specifi¬ 
cally  proton  scattering  by  oxygen.  The  Born  approximation  is  not  appli¬ 
cable  in  this  case.  We  begin  by  carrying  a  distorted  wave  treatment  to 
the  point  where  a  very  small  set  of  one  dimensional  differential  equations 
are  obtained.  The  equations  are  not  solved  although  their  hand  solution 
would  pose  no  particular  problem.  W  e  then  consider  the  impact  param¬ 
eter  treatment  of  this  same  proton-oxygen  problem.  For  the  familiar 
two-state  case  we  carry  through  the  problem  to  obtain  the  total  cross- 
sections.  In  addition,  we  introduce  a  general  multi-state  treatment  of 
this  impact  parameter  problem  which  is  not  specifically  applied.  In 
both  these  latter  sections  target  distortion  by  the  projectile  particle  is 
included  in  the  scattering  potential.  The  last  section  is  concerned  with 
additions  to  Professor  Takayanagi's  bibliography. 
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SECTION  I 

THE  SCATTERING  MATRIX* 

We  consider  first  the  scattering  of  electrons  by  diatomic  molecules 
in  the  energy  range  from  one  to  fifty  thousand  electron  volts.  One  here 
encounters  elastic,  inelastic,  and  charge  exchange  scattering  where  the 
inelastic  scattering  may  involve  electronic,  vibrational,  and  rotational 
excitation,  ionization,  and  dissociation  either  alone  or  in  combination. 
As  an  example  of  what  may  occur  we  remark  the  following  reactions  : 

•  AB  e  =  AB  +  e  (elastic) 

AB  +  e  =  AB  +  e  (charge  exchange) 

AB  +  e  =  AB*  +  e  (inelastic) 

AB  +  e  =  AB"^  +  2e  (ionization) 

AB  +  e  =  A  +  B  +  e  (dissociation) 

which  may  of  course  also  occur  in  any  combination. 

In  considering  the  problem  we  may  begin  by  indicating  the  scattering 
matrix  form  although  the  individual  elements  therein  will  not  be  evaluated 
until  a  later  stage  in  the  development..  The  wave  function  for  the  electron 
in  the  absence  of  the  neutral  molecule  will  have  the  asymptotic  form 

*The  material  in  this  section  is  of  a  review  nature.  References  are  pro¬ 
vided  in  Section  IV  and  in  the  Takayanagi  review. 


in  the  case  where  the  electron  is  in  channel  .  The  normalization  is  to 
unit  amplitude  at  infinity.  The  first  term  in  the  bracket  represents  the 
incoming  electron  while  the  second  term  represents  the  outgoing.  We  shall 
define  the  term  "channel"  after  our  introduction  of  the  scatterer.  When  we 
introduce  the  scatterer  we  have  the  following  expression  for  the  free  elec¬ 
tron  in  the  presence  of  the  molecule: 

We  now  define  "channel"  as  a  specific  set  of  parameters  defining  the  trans¬ 
lational  state  of  the  electron  and  the  electronic -vibration>-rotation  state  of 
the  molecule.  In  an  elastic  collision  the  electron -molecule  system  will  re¬ 
enter  the  entry  channel  after  collision.  We  now  consider  the  exit  channel 
parameter,  B  ^  ,  for  the  case  of  an  elastic  collision. 

y 

In  order  to  do  so  we  consider  the  familiar  asymptotic  solution  for 

-a. 

the^  -th  partial  wave  for  a  potential  falling  off  more  rapidly  than  ^ 


^  ( 4r -/f  -f- 


This  may  be  re-written  as 


[e  V 


-'I 


(3) 


(4) 
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where  we  now  define  the  factor  ^  as  the  scattering  matrix  element.  It 
is  apparent  that  it  gives  us  the  ratio  of  the  outgoing  to  the  incoming  waves 
thus  yielding  at  least  one  description  of  the  scattering.  In  terms  of  the 
channel  dispersion  parameters,  and  B  y  ,  this  may  be  written; 


/ 


(5) 


Now  we  remark  that  in  our  elastic  case  above  the  exit  channel  para¬ 
meter  was  of  amplitude  equal  to  that  of  the  entrance  channel  parameter. 
This,  of  course,  would  not  be  the  case  in  inelastic  scattering.  In  that 
situation  the  system  sometimes  departs  partially  through  the  entrance 
channel.  However  it  departs  partially  through  at  least  one  additional 
channel  so  that  entry  and  exit  amplitudes  must  differ.  Here  again,  how¬ 
ever,  the  matrix  element  is  still  defined  by  the  channel  parameter  ratios. 
The  diagonal  elements  correspond  to  the  ratios  between  the  elastic  para- 
metits  (Ay  and  By  ).  The  inelastically  scattered  electron  has  only  an  out¬ 
going  wave  viz ; 


9; 


(r) 


4/^ 


(  CP 


(6) 


The  off-diagonal  elements  in  the  scattering  matrix  then  are  given  by 
the  ratio  By  *  /A  y  ,  We  discuss  the  scattering  matrix  no  further  but  refer 
the  reader  to  the  extensive  work  which  has  been  done  in  this  field  in  recent 
years. 

In  introducing  the  scattering  matrix  we  have  in  Eq.  (1)  assumed  the 
partial  wave  form  for  the  free  electron.  The  reader  will,  of  course. 


-5- 


recall  that  the  partial  wave  is  specified  by  the  momentum  quantum  number 
"jt  "  in  the  above  equations.  Although  the  partial  wave  analysis  is  used 
quite  extensively  in  actual  scattering  problems,  we  revert  to  a  more  gen¬ 
eral  form  in  what  follows: 
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SECTION  II 


ELECTRON  SCATTERING  BY  DIATOMICS 


A.  General  Formulation  of  the  Problem 


First,  we  are  going  to  assume  that  the  Franck-Condon  principle 
is  operative,  that  is,  we  suppose  that  the  molecular  wave  function  can 
be  written  as  a  product  of  electronic,  vibrational,  and  rotational  wave 
functions.  Therefore  we  are  going  to  somewhat  simplify  the  following 
by  considering  only  the  electronic  function,  the  vibrational  and  rotation¬ 
al  being  possible  of  later  consideration. 

The  wave  function  for  the  molecule  -  electron  system  is  taken  as: 


In  Eq,  (6)  ^  is  the  permutation  operator;  s  the  molecular  wave 

function  and  consists  of  a  simple  product  of  the  molecular  orbitals.  We 
have,  of  course,  assumed  a  single  determinant  LCAO-MO  form  for  the 
molecular  wave  function. 

We  take  to  be  the  Hamiltonian  for  the  molecule  in  the  ab¬ 


sence  of  any  external  interaction.  The  interaction  Hamiltonian  will  be 

- I.  77r  r-  (8a) 


*The  general  development  general  case  and  Born  approximation  are  dis¬ 
cussed  in  Theory  of  Atomic  Collisions,  Quantum  Theory  I.  Elements  etc. 


-7- 


which  leads  to; 


Lh 


4 


4- 


j4l'=0 


/ 


(8b) 


Under  the  constraint 

and  after  substitution  for  ^  Eq  (8b)  becomes; 


-A 


m 


K", 


The  are  spin  functions  for  the  free  electron,  referring  to 
a  free  electron  spin  parallel  to  the  molecular  spin,  referring  to  the 
anti -parallel  situation.  Now  multiply  through  on  the  left  by  the  plus  spin 
function  and  integrate  appropriately  to  get 


2 


(10) 


Further  we  now  suppose  that  the  molecule  is  stationary  so  that  r  becomes 
rg ,  the  coordinate  of  the  free  electron  referred  to  the  center-of-mass  of 
the  molecule  as  a  coordinate  center.  Next  the  specific  product  nature  of 
is  introduced. 

An 


and  we  multiply  Eq.  (10)  through  on  the  left  by  and  integrate  over  all 
space.  The  result  is: 


Now  note  that  in  Eq.  (11c)  the  individual  molecular  orbitals  must 
have  their  spins  parallel  to  that  of  the  free  electron.  Finally,  one  is  able 
to  apply  Green's  Theorem  to  Eq.  (11c)  with  the  result: 


Eqs.  (11a),  )llb),  and  (llC)  are  the  general  forms  for  the  free  elec- 
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tron  wave  function  where  spin-orbit  type  interactions  have  been  left  out  of 
the  original  Hamiltonian.  These  rather  fine  interactions  appear  to  have  no 
particular  place  in  this  treatment.  Some  simplification  of  these  equations 
has  to  be  made  in  order  to  carry  their  solution  any  further.  A  number  of 
such  approximations  have  been  made  most  of  them  having  to  do  with  the 
relative  magnitude  of  the  and 

The  most  drastic  assumptions  lead  to  the  Born  approximation  where, 
in  effect,  one  supposes  that  the  scattering  molecule  is  hardly  there  at  all. 
We  shall  show  that  this  appears  adequate  for  the  molecule -electron  scatter¬ 
ing  and  inadequate  for  the  molecule -proton  scattering  case. 


B.  The  Born  Approximation  for  Electron  Excitation 


As  we  remarked  above,  the  Born  approximation  is  basically  predi¬ 
cated  on  a  rather  small  interaction  between  electron  and  molecule.  Under 
these  conditions,  we  suppose  the  diagonal  elements  in  Fqs.  (11)  to  be  zero, 
and  we  replace  (jj  on  the  right  hand  side  of  the  equation  by  the  plane  wave: 

If  we  now  eliminate  exchange  from  the  equation;  the  result  is: 


(13a) 


* 


On  the  other  hand  if  the  exchange  term  is  maintained  we  obtain: 


(13b) 
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We  consider  Eq.  (13a).  It  is  well  known  that  the  solution  to  the 
equation. 


is; 


where: 


In  quite  precise  analogy  we  may  write  the  solution  to  Eq,  (13a)  as 

(14) 


We  may  now  use  this  expression  to  obtain  the  scattering  cross 
section  for  the  general  case.  It  should  be  remarked  here  that  the  source 
of  difficulty  in  Eq.  (14)  is,  of  course  going  to  be  which  we  return 

shortly.  For  now,  however,  we  recall  that  the  cross  section  makes  use 
of  the  scattering  amplitude  which  in  turn  is  available  from  the  asymptotic 
form  of  the  wave  function.  The  asymptotic  form  of  Eq.  (14)  is; 


/ 

4rr 


(15) 


from  which  we  obtain  the  cross  section  for  scattering  of  the  system  into 


the  n-th  channel. 


the  electron  undergoing  a  deflection  through  an  angle 
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Eq,  (16)  is  written  in  atomic  units,  and  refers  to  the  entry  channel. 

In  essence  the  collision  has  induced  a  transition  from  molecular  state  'm  ' 
to  molecular  state  "n"  and  a  change  of  free  electron  linear  momentum  from 
to  k^.  Eq.  (16)  is,  of  course  the  required  result.  Before  considering 
it  in  more  detail  we  inquire  of  its  validity. 

The  requirement  which  must  be  fulfilled  in  this  electron  -  molecule 
case  is:  the  velocity  of  the  free  electron  must  be  much  larger  than  the  veloc¬ 
ity  of  the  orbital  electrons.  If  we  suppose  something  like  one -half  of  the 
orbital  energy  is  associated  with  kinetic  energy  of  the  orbital  electrons 
then  we  may  compare  this  energy  to  the  translational  energy  of  the  incident 
electron. 

The  24^  .  2^  and  3^  electrons  in  oxygen,  for  example,  have  ki¬ 
netic  energies  of  around  ten  or  twenty  electron  volts.  Thus,  one  thousand 
volt  electrons  should  be  sufficiently  energetic.  We  therefore  accept  the 
Born  approximation  for  this  problem  and  return  our  attention  to  what  we 
may  designate  "the  potential",  namely 

We  are  using  a  simple  determinant  LCAO-MO  form  for  the  molec¬ 
ular  wave  function.  Let  us  suppose  that: 

(1)  The  state  "n"  differs  from  the  state  "m"  in  only  one  orbital 

and 

(2)  The  orbitals  that  remain  the  same  are  orthonormal  and  the 
orbital  which  changes  is  orthogonal  to  the  one  which  does  not. 

Actually  we  can  check  with  little  difficulty  on  the  two  electron-jump 
case  at  some  later  point.  We  shall  consider  Eq.  (11b)  later;  we  now  write 
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/g  jf‘  Poll'd  ^.^CJ 


(17) 


the  diagonal  element  as: 

3nZif!S,-'J 

f 

^  d  '  -^4 

We  consider  Eq.  (17).  If  for  the^^^  we  take  the  un-perturbed  molec¬ 
ular  orbital,  Eq.  ()17)  will  yield,  in  essence,  the  Coulomb  potential  produced 
by  the  isolated  molecule.  It  has  been  shown  recently^,  in  the  case  of  two 
oxygen  molecules  that  this  potential  is  particularly  unrealistic.  In  order  to 
get  the  proper  repulsive  form  for  the  potential  it  was  necessary  to  introduce 
the  reciprocal  effect  of  the  other  molecule  on  this  potential.  The  Coulomb 
potential  alone  yielded  a  nice  attractive  potential.  Therefore,  there  does 


not  appear  to  be  any  point  in  taking  the  ^c^as  unperturbed  orbitals.  On  the 
other  hand  we  do  not  wish  to  go  back  beyond  the  Born  beginning  to  the  coupled 
set  through  which  polarization  can  be  introduced  automatically.  Therefore 
we  may  sensibly  begin  with  molecular  orbitals  already  distorted'  ^y  the  pres¬ 
ence  of  the  free  electron.  This  we  have  done  recently  in  the  case  of  molecule - 
molecule  collisions.  ^ 

2 

On  the  other  hand  we  might  take  the  type  potential  used  by  Fisk  in 
his  treatment  of  the  scattering  of  slow  electrons.  If  "d”  is  the  internuclear 
separation  in  the  molecule  and  "rj",  and  'Vg  "  the  free  electron  separation 
from  the  two  nuclei  then  the  following  coordinates  may  be  adopted: 


a/ 
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Then  the  potential  due  to  the  nuclei  may  be  written: 


*  ,  ,  , 

(18) 

In  order  for  this  to  approximately  represent  the  field  of  the  molecule,  it 

must  go  to  zero  at  some  boundary, 

Fisk  selects 

functions  f  to  multiply  ^  and  produce  a  potential  function  which  meets 

the  following  criteria 

(19) 

Of  several  forms  for  f  considered  Fisk  settled  on: 

(20) 

Stier'^  had  previously  appealed  to  the  following  form  for  this  function 


At  any  rate  a  value  for^^^  is  chosen,  and,  after  the  evaluation  of 
the  integral  over  the  charge  density,  a  factor  is  determined  to  correct  the 
atomic  number  in  Eq.  (18).  This  essentially  completes  Fisk's  evaluation 
of  his  potential.  He  then  proceeds  to  evaluate  the  elastic  scattering  cross 
section  for  a  number  of  molecules  including  oxygen  and  nitrogen.  This  e  - 
valuation  itself  is,  of  course,  available  and  could  be  extended  to  the  ener¬ 
gies  of  our  interest.  On  the  one  hand  it  has  the  advantage  over  the  Born 
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approximation  of  yielding  precise  results  for  the  scattering  while  on  the 
other  hand  it  has  the  disadvantage  which  arises  from  the  approximate 
nature  of  its  potential. 

We  could  develop  a  Coulomb  potential  for  the  isolated  molecule 
which  would  be  quite  general.  However,  it  becomes  somewhat  more  com¬ 
plicated  when  the  polarization  of  the  molecular  charge  cloud  by  the  free 
electron  is  included.  In  this  case  one  must  first  obtain  expressions  for 
the  molecular  orbitals  distorted  by  the  free  electron.  This  can,  of  course, 
be  accomplished  for  the  general  case  on  a  digital  computer.  Since  we  d  o 
not  intend  to  appeal  to  computing  machinery  at  this  stage  we  restrict  the 
position  of  the  free  electron  to  either  the  internuclear  axis  of  the  molecule 
or  the  plane  perpendicular  to  this  axis  and  containing  the  center -of-mass  of 
the  molecule.  For  the  present  we  shall  restrict  ourselves  to  the  latter  path. 
In  arriving  at  our  potential  we  first  determine  the  form  for  the 

perturbed  MO's.  We  begin  with  the  on-axis  case.  The  form  for  the  dis- 

1  4 

torted  molecular  orbital  is  as  follows:  ' 

^  ]j (21a) 

where  is  the  undistorted  molecular  orbital  and  ’’aj^  '  is  a  parameter. 

The  angle  ^  is  referred  to  the  center -of-mass  of  the  molecule.  The  par  - 


ameter  a^^  is  given  by: 
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•where: 


J 


(21b) 


(21c) 


The  matrix  elements  of  cosvj  have  already  been  evaluated,^  The  e- 
valuation  of  the  matrix  elements  of  H'  remain  to  be  carried  out.  Having  ob¬ 
tained  this  distortion  we  shall  now  apply  it  to  each  of  the  two  atomic  orbi¬ 
tals  in  the  molecule.  This  will  yield  the  potential  in  which  our  free  elec¬ 
tron  exists.  This  potential  in  turn  is  to  be  used  in  Eq.  (16)  to  obtain  the 
scattering  cross  section. 

In  evaluating  these  matrix  elements  we  first  specifically  restrict  our 

5 

selves  to  oxygen.  Next  we  note  the  MO's  whose  distortion  we  consider; 


c3cj  - 

(22a) 

V 

-  -A  . 

(22b) 

= 

(22c) 

■= 

(22d) 

The  matrix  elements  between  pairs  of  these  orbitals  will  then  consist  of  ob¬ 
vious  linear  combinations  of  matrix  elements  over  the  orbitals  and 

.  We  remark  that  there  can  be  no  difference  between  such  gerade 
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and  ungerade  matrix  elements.  The  reason  for  this  may  be  explained  as 
follows. 

In  the  on -axis  case  one  can  readily  demonstrate  that  the  contribu¬ 
tion  to  the  matrix  element  from  the  nether  nucleus  is  negligible.  This 
means  in  essence; 


so  that  our  integrals  simplify  considerably.  We  shall  follow  through  the 
evaluation  of  the  first  of  these  matrix  elements.  The  general  expression 
will  be: 


^  ^  -J  d^cUdcO  -  ■i' 


/ 


(23) 


wherein  the  r..  represents  the  separation  of  the  electron  from  the  element 

*  J 

of  the  molecular  charge  cloud  under  consideration.  The  "r"  represents 
the  MO  coordinate  referred  to  the  nucleus  closest  to  the  perturbing  proton. 
The  effective  nuclear  charge  has  a  value  of  2.  275.  The  familiar  Legendre 
expansion  reduces  as  follows  for  this  case: 

^  ^  ,4 

(24) 


For  the  case  all  terms  in  Eq.  (24)  save  the  first  (k  =  0)  will 

3 

disappear  during  angular  integration  so  that  there  results; 


(25) 
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V/here  R  is  the  separation  of  the  electron  from  the  near  nucleus  . 
In  like  manner  we  obtain: 


...... 

^  LfjiTf 


fje_ 


GO 


y^o  —j 


_-^2£— ? 


(26) 


.  -feto  .  ^  ^  1  .  7^0  > 

(>S)^  (^Wj 


(27) 


The  matrix  elements  of  cosiV  have  been  obtained  by  us  previously 

4 

for  oxygen.  Hence  all  information  is  now  available  for  the  evaluation 
of  the  in  Eq,  (21b)  and  hence  the  distorted  orbitals.  In  Figure  1  we  in¬ 
dicate  the  a^^  of  interest  as  a  function  of  electron  separation  from  the  near¬ 
er  nucleus.  The  perturbation  scheme  appealed  to  in  distortion  coefficient 
calculation  may  be  expected  to  break  down  at  some  minimum  proton  separa¬ 
tion. 


We  are  now  in  a  position  to  evaluate  the  of  Eq.  (15)  for  the 
ground  electronic  state  of  the  oxygen  molecule.  We  now  make  use  of  the 
appropriate  distorted  orbitals  in  Eq.  (17)  to  obtain: 


u.- 


V 


(28a) 
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*  9.m/C 


. .  .sMr  , 

•Ja 


(28b) 


(/*'=  -  (28c) 

(3t,iioe% 

^ 


cule. 


In  Eq.  (28a)  "a"  is  one-half  the  internuclear  separation  in  the  mole¬ 


We  next  evaluate  Eq.  (28a)  numerically,  the  result  being  displayed 


as  Figure  II,  We  are  able  to  make  a  reasonable  fit  to  this  figure  with  the 


much  simplified  function: 


u.  = 


^,fzo9C/3j  4c/^  , 

“  /e 


4-, 


(28e) 


We  now  recall  that  our  objective  is  the  evaluation  of  Eq.  (16)  for 
some  pair  of  electronic  states  and  that  hot  is  needed  for  this  e- 
valuation,  although  the  latter  will  be  utilized  in  Eqs.  (45).  We  now  discuss 
our  reason  for  the  evaluation  at  this  point. 

The  development  leading  to  Eq.  (29)  illustrates  our  method  of  includ¬ 
ing  polarization,  a  phenomena  which  is  generally  of  some  importance.  The 
effects  of  polarization  cannot  be  included  in  our  derivation  of  where  n 

and  m  correspond  to  the  Schumann -Runge  system.  However,  these  effects 
likewise  cannot  be  included  in  the  corresponding  contribution  to  above 
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or  to  the  U  of  another  problem  we  discuss  below.  Even  so  these  latter 
nn 

results  are  in  reasonable  agreement  with  experiment.  The  inference 
then  is  that  our  is  nevertheless  reasonably  good.  We  now  discuss 
this  in  more  detail. 


We  have  computed  the  interaction  potential  between  two  aligned 
oxygen  molecules  whose  charge  clouds  are  undistorted.  The  result  is 

V  ^  -  /oe.  3 

Vanderslice,  Mason  and  Maisch^^  on  the  other  hand  have  obtained 


the  following  from  experiment:  _ ^ 

When  we  polarize  certain  molecular  orbitals  we  compute  the  follow¬ 


ing  potential: 


\/  ^  3<a/ 


3.5>4r 


Since  this  is  effectively  doubled  for  the  off-axis  case  it  is  apparent  that 
the  improvement  through  the  introduction  of  polarization  is  a  considerable 
one.  Even  so,  only  the  sigma  orbitals  were  f)olarized;  it  was  not  possible 
to  polarize  the  pi  orbitals. 

The  evaluation  of  the  aj  of  "^q.  (21b)  is  carried  out  between  two 
states  which  must,  of  course,  be  of  the  same  symmetry.  What  we  shall 


call  our  basis  set  consists  of  eight  orbitals,  three  of  one  sigma  symmetry 
three  of  the  other  3ij;)one  of  one  pi  symmetry  (  /ff^ )  and 

one  of  the  other  ( ).  It  is  obvious  then  that  we  can  compute  no  a^  for  the 
pi  while  we  can  compute  them  for  the  sigma.  Even  so  our 


results  for  O2  -  O2  are  as  given  above. 
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that  is,  they  are  in  reasonable  agreement  with  experiment.  We  shall 
take  this  as  support  for  the  unpolarized  orbitals  to  be  used  in  comput¬ 


ing 


We  suppose  that  the  inelastic  collision  of  the  electron  with  the 


oxygen  molecule  leads  to  the  excitation  of  the  upper  state  of  the  Schumann- 
Runge  system.  Hence,  we  will  deal  with  an  upper  state  and  a  lower 
state.  The  basic  difference  is  that  what  was  a  tt-J" orbital  in  the 
ground  state  is  a  Tr'orbital  in  the  upper  state.  Our  potential  is  then: 

U.  - 

The  rather  extreme  reduction  from  Eq.  (17)  is  due  to  the  one  particle 
nature  of  the  interaction  operator.  This,  coupled  with  the  orbital  ortho¬ 
gonality  leads  to  the  simple  (and  necessarily  unpolarized)  result.  The 
entire  molecular  orbital  (i.  e. ,  we  do  not  reflect  the  contribution 
from  the  nether  molecular  atom)  is  here  considered  and  only  ^  is 


taken  in  the  expansion: 


A  ^  ^  ^ 

^  ^  —  1  I  r  s  •- 


<9  <S  -4-  - - 


^4  0_  _  ^4-C 

[Psfe. 


Q  ^  OV6 
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this  may  be  plotted  and  fitted  to: 

f  /,C>oS^^  /.OCt/(s  <5, 

^  ^  ^  )  a 


Eq.  (29)  is  now  to  be  used  in  the  evaluation  of  Eq.  (16)  with  the  re¬ 


sult: 


cri: 

n»^ 


In  the  close -collision  approximation  we  suppose  that  the  electron 


follows  a  straight-line  approach  path  until  it  collides  head  on  with  the  mole¬ 
cule  at  which  time  it  turns  abruptly  and  proceeds  out  along  its  departure 
path.  This  approximation  is  not  really  very  drastic  for  a  close  collision. 

If  we  now  take  angles  as  indicated  in  Figure  III,  the  exponent  in  Eq.  (30)  be¬ 


comes 


^  K  flffj -j  /:  etnC  ^  ■-4'f  ^  e- (31) 


Thus  the  integral  in  Eq.  (30)  becomes 


/ooS/^ 


Certain  obvious  analytic  integrations  can  be  carried  out  in  Eq.  (32), 
but  the  lion's  share  would  require  numerical  integration.  It  is  not  our  pur¬ 
pose  to  accomplish  this  evaluation  at  this  time. 

Eqs.  (30)  and  (32)  yield  the  cross  section  for  the  excitation  of  the 
Schumann -Runge  upper  state  through  an  electron  collision  along  the  molecular 
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symmetry  axis.  We  now  consider  the  ionization  of  the  oxygen  molecule 
by  electron  collision. 

C.  The  Born  Approximation  for  Electron  Ionization 

The  only  real  difference  in  the  Born  cross  section  for  ionization 

is,  of  course,  in  U  .  The  initial  state  of  the  molecule  system  is  still 

nm 

9  ^  -I- 

the  ground  state  while  the  final  state  is  the  free  electron  and  the  Og 
ion  in  the  state: 


The  is  here  the  integral  over  U  of  the  product  of  the  orbi¬ 
tal  and  the  ejected  electron  wave  function.  The  problem  then  is  first  to 

determine  the  wave  function  for  the  ejected  electron. 

6  7 

Bates  et  al  and  others,  have  shown  that  in  the  case  of  the  oxygen 
atom,  the  hydrogenic  cross  section  for  photo-ionization  serves  quite  well 
to  describe  the  oxygen  phenomenon.  The  important  point  is  not  the  method 
of  ionization  but  the  fact  that  the  hydrogenic  free  electron  wave  function 
serves  reasonably  well.  We  shall  use  it  in  our  evaluation.  The  orbitals 
are  thus 


(34a) 
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4-/ 


Jel^.^r'" 


W-^-/ 


if-i)  df-^fcnif)  ^J> 


(34b) 


As  usual  our  operator  may  be  represented  by  the  Legendre  expansion: 

of  which  we  shall  only  take  the  first  term.  This  means  that,  in  order  for 
the  angular  integrations  to  be  non-zero,  we  must  take  a^/  angular  state 
for  the  free  electron.  The  contribution  to  U_j>,  from  this  may  be  written 


down  as  follows; 


VJIP^  ^ 

•  ^ <s'‘'dc/J2 

y</^^  e  <s') 


We  now  integrate  over  "r";  ^ 

i  7 

“■  e^r-siip "" 

We  next  integrate  over ^  .  When  we  substitute  the  above  the 


-integral  becomes 
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We  shall  evaluate  this  by  integrating  around  the  closed  path  in  the 


complex  plane  continuing  its  pole  and  extending  the  path  to  infinity.  The 

pole  is  at^^-v*-- * ‘*^<- ***'■.  The  value  of  such  an  integral  is  equivalent  to 

when  R  is  the  residue  at  the  pole,  here  of  order  two.  We  recall 
/  0  r  fPf  -iV-x 

^  -  <1  f 


f 


^kier  ^  ^  ,  , 

e  (['  t) 


When  we  make  use  of  the  relation: 

^  <s. 


The  derivative  may  be  evaluated  as: 

dll  =  -  aV 

and  when  this  is  substituted  in  Eq.  (36)  the  result  is: 


U 


nm 


•Si 


MS/ 


5^-*  (37) 


We  carry  this  no  further  but  simply  remark  that  one  gets  an  equa¬ 
tion  similar  to  Eq.  (32)  and  requiring  numerical  integration. 

This  ends  our  consideration  of  electron  scattering  for  the  present. 
We  remark  that  we  have  failed  to  consider  (1)  elastic  scattering,  (2)  disso¬ 
ciation  and  (3)  the  existence  of  rotational  and  vibrational  motion.  Under  the 
Born  approximation  in  use  here,  these  pose  no  problems  which  are  essen  - 
tially  different  from  those  treated  above  and  can  be  dealt  with  in  this 
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general  fashion  at  a  later  stage.  However,  it  does  appear  that  the  excita¬ 
tion  of  electronic  upper  states  and  the  ionization  of  the  molecule  are  phe¬ 
nomena  to  be  treated  first  in  our  scattering  consideration. 

There  is  a  portion  of  the  electronic  excitation  scattering  which  we 
have  deliberately  ignored  and  which  certainly  can  be  of  definite  importance. 
In  the  above  sections  we  have  considered  what  is  generally  referred  to  as 
the  direct  scattering.  Now  let  us  consider  Eq.  (16).  We  remark  that  in 
the  exponential  "r  •"  is  associated  both  with  the  incoming  momentum  vector 

J 

and  the  outgoing  momentum  vector.  This  in  essence  describes  the  direct 
scattering.  To  this  must  be  added  a  consideration  of  the  exchange  scatter¬ 
ing,  and,  if  we  again  refer  to  Eq.  (16),  our  inbound  electron  will  be  asso¬ 
ciated  only  with  the  incoming  momentum  vector  while  some  one  of  the  mo¬ 
lecular  electrons  will  be  associated  with  the  outgoing  momentum  vector. 

This  develops  naturally  from  the  fact  that  an  exchange  is  made  in  the  course 
of  the  collision.  The  treatment  of  this  is  certainly  of  some  importance  and 
must  be  presumed  to  be  carried  out  in  conjunction  with  and  subsequent  t  o 
the  treatment  of  direct  scattering. 
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SECTION  III 

PROTON  SCATTERING  BY  DIATOMICS 


A.  Distorted  Wave  Treatment  of  Proton  -  Oxygen  Scattering 


This  scattering  problem  cannot  be  treated  by  the  Born  approxi¬ 
mation,  for  the  velocity  of  a  50  KeV  proton  is  a  great  deal  less  than 
that  of  the  outer  orbitals  in  the  scattering  molecules.  Hence,  we  shall 
first  appeal  to  ti<rhat  might  be  called  a  distorted  wave  approximation,  * 
For  the  wave  function  for  our  molecule -proton  system,  we  refer  to 
Eq.  (7)  with  the  exchange  effects  dropped  therefrom: 


(38) 


where  now£  is  the  inter -particle  coordinate.  Eq.  (9)  becomes 


(39) 


We  now  multiply  through  on  the  left  by  and  integrate  over 

the  space  of  the  molecular  electrons.  The  result  is: 


(40) 


In  general,  the  following  derivation  is  the  standard  one,  and  the  reader 
is  referred  to  the  textual  references. 
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This  is  the  familiar  infinite  set  of  coupled  equations.  We  pro¬ 
pose  to  simplify  the  equation  by  eliminating  those  which  are  of 
little  consequence  in  the  oxygen  case. 

We  begin  by  eliminating  spin  flip  Since  the  Hamiltonian 

is  linear  in  spin  and  Coulomb  parts,  two  collisions  are  necessary  for 
changes  in  both.  Further  the  proton  spin-electron  spin  interaction  may 
well  be  small  due  to  the  mass  relations  in  S.  S.  Therefore  we  need  con¬ 
sider  only  triplet  states.  Further  the  symmetry  of  the  integral  must  be 
the  same  as  that  involved  in  the  dipole  selection  rules  since  the  opera¬ 
tor  symmetry  will  be  the  same.  These  considerations  eliminate  a  num¬ 
ber  of  levels  and,  if  we  consider  the  first  ten  or  so  known  levels,  we 
find  combination  only  with  the  upper  state  of  the  Schumann -Runge  system. 
This  is.  of  course,  the  level  we  considered  for  the  electron  scattering 
case. 


We  shall  also  include  the  continuum.  Eq.  (40)  now  becomes: 


(41a) 


(41b) 


(41c) 


We  shall  treat  these  equations  in  cylindrical  coordinates  for  which 

-L  ^  ^  -I-  +  — 


(42) 
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We  now  consider  the  reduction  of  the  wave  functions  to  partial 
waves.  As,  for  example,  Geltman®  has  shown,  one  may  choose  a  form 
for  ij)  on  the  basis  that,  in: 


as  a  plane  wave.  We  therefore  choose  the  following  form 

for: 


(43a) 

(43b) 

(4- 

(43c) 

X- 

A ’^-03  / 

(43d) 

(0  "" 

(43e) 

wherein  ^  is  the  angle  between  k  and  the  molecular  symmetry  axis  and 
is  the  azimuthal  angle  of^. 

The  number  of  protons  in  the  scattered  wave  crossing  an  element 
of  area  dS  per  second  is: 

-Tr/K-M-fz 


from  which  we  can  get  our  cross  section  as 


-  r 


vx./ 


(44) 


We  now  introduce  an  approximation  which  leaves  a  great 
deal  to  be  desired  but  with  which  we  do  so  little  that 
it  is  of  little  moment  anyway.  We  suppose  the  wave  function 
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independent  of  the  a  -coordinate.  Eqs,  (43d)  and  (42)  are  substituted  into 
Fqs,  (41)  with  the  result: 


wave  functions  will  in  each  case  have  an  asymptotic  form 
corresponding  to  a  cylindrical  wave.  An  iterative  method  of  solution  is 
contemplated  The  and  U22  will  be  given  by  Eq,  (28e),  the  U12  by 
Eq,  (29)  and  the  Ujc  by  Fq.  (37). 


B.  The  Two  State  Impact  Parameter  Treatment 

The  central  assumption  in  the  impact  parameter  treatment  is  that 
of  the  classical  path.  The  establishment  of  the  validity  of  the  classical 
path  essentially  assures  us  that  we  may  deal  with  the  projectile -target  sep¬ 
aration  as  a  classical  parameter.  This  validity  is  assured  if  the  diffusion 
of  the  quantal  wave  packet  representing  the  proton  is  such  that  during  pro¬ 
ton  passage  through  the  interaction  region  a  separation  is  definable.  In  the 
present  case,  the  applicability  of  the  classical  path  is  indeed  assured. 

Let  us  begin  by  writing  out  the  ftniltonian  for  our  proton-oxygen  sys¬ 


tem 
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(46) 


where  all  symbols  are  the  familiar  standard  ones  and  we  shall  work  i  n  • 
atomic  units. 

We  shall  take  as  the  wave  function  for  the  initial  proton-molecule 
system.  By  initial,  we  mean  the  system  which  existed  at  an  infinite  time 
in  the  past.  In  the  same  way  ^  is  the  final  wave  function  for  our  system, 
in  this  case  the  system  which  will  exist  at  an  infinite  time  in  the  future  . 
The  solution  to  the  Schroedinger  equation  will  assuredly  be 


(47a) 

^  cp^(c^)  (47b) 

The  refer  to  the  molecular  wave  functions  for  oxygen.  We  shall  con¬ 
tinue  to  use  the  single  determinant  LCAO-MO  form  for  the  oxygen  wave 
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functions  as  computed  by  Kotani  et  al.  The  k's  in  the  equations  corre¬ 
spond  to  the  proton  momentum  before  and  after  the  collision.  The  'r'  is 
the  radial  coordinate  of  the  proton  with  respect  to  the  center  of  mass  of 
the  oxygen  molecule;  the  energy  indicated  is  the  translational  energy  of 
the  proton. 

Eqs.  (47)  may  be  used  to  obtain  the  following  approximate  time  - 
dependent  system  equation 
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In  this  equation  the  and  are  the  state  growth  coefficients  correspond¬ 
ing  to  the  initial  and  final  state  of  the  system.  The  complete  determina¬ 
tion  of  these  coefficients  constitutes  the  two  state  impact  parameter  treat¬ 
ment,  The  treatment  of  this  problem  to  which  we  shall  appeal  was,  for 

q 

all  practical  purposes,  introduced  by  Gurnee  and  Magee.  It  has  been 
discussed  in  connection  with  certain  inelastic  and  charge  transfer  colli¬ 
sions  by  Bates^®  and  somewhat  improved  upon  by  McCarroll. 

It  is  surely  true  that  after  an  infinite  time,  the  system  will  be  in 
the  final  state.  Therefore  by  the  definition  of  the  state  growth  coefficient 
the  probability  that  the  inelastic  collision  in  question  will  have  taken  place 
is  given  by  the  square  of  this  coefficient  after  such  a  time.  Our  objective 
in  the  calculation  then  is  to  determine  this  coefficient.  When  we  substi¬ 
tute  Eq.  (48)  into  the  Schroedinger  equation,  those  terms  present  at  in¬ 
finite  separation  will  cause  a  number  of  terms  in  the  equation  to  drop 
out.  The  result  is 

wherein  the  H'  has  been  taken  as  representing  those  terms  in  Eq,  (46)  re¬ 
lating  to  proton-molecule  interaction. 
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We  are  now  going  to  make  the  rather  trivial  transformation: 


A:  If’ 1 


with  the  obvious  effect  on  Fq,  (49). 

We  multiply  Eq.  (49)  through  on  the  left  first  by 

and  then 

1  7'^  - 

to  obtain 


VVC  XilUXtipxjr  VLXX  V  j 

and  then  by 


^  U^dfhk-r] i-hf  ,50n) 

di  ^  4  '~J  (50b) 


where  we  define  the  matrix  elements  in  Eqs.  (50)  as  follows: 


Eqs.  (50)  may  surely  be  added  with  the  obvious  result 


fd-f-df/ ^J)  (52)  * 

We  now  introduce  the  specifics  of  the  impact  parameter  treatment. 
Let  us  consider  Figure  IV.  The  proton  in  colliding  with  the  molecule, 


♦Here  H{i  =  H^f  leads  to  this  result  for  ,  say,  oxygen. 
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follows  a  straight-line  path  whose  minimum  separation  is  the  impact 
parameter  jP  .  This  straight-line  path,  for  our  purposes  of  consider¬ 
ation  here  lies  entirely  in  the  plane  which  is  perpendicular  to  the  mol¬ 
ecular  symmetry  axis  and  which  contains  the  molecular  center  of  sym¬ 
metry.  Under  these  classical  path  conditions  the  time  may  be  simply 
and  linearly  related  to  the  distance  along  the  path  through  the  velocity. 
When  we  make  this  approximation  Eq.  (52)  leads  to 


'ir 


(53) 


which  the  reader  will  immediately  see  to  be  equivalent  to: 

Jd  Idx 


—ce> 


of  solution; 


f  -O) 


(54) 


(55) 


The  normality  requirement  on  the  wave  function  of  Eq.  (48)  will 
lead  to  the  following  relationship  between  the  state  growth  coefficients 


■=/ 


(56) 


The  two  state  growth  coefficients  will  at  most  be  complex  quanti¬ 
ties  so  that  under  any  condition  we  can  replace  them  as  follows; 

,  xto' 


A-j  =  Pe. 


(57) 
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From  Eqs.  (56)  and  (57)  we  obtain  the  following  relationship  be¬ 
tween  the  amplitudes  of  the  two  state  growth  coefficients 

(58) 

which  leaves  the  phase  relationship  to  be  determined.  Eq.  (57)  as  modi¬ 
fied  by  Eq.  (58)  may  now  be  substituted  in  Fqs.  (50)  and  we  obtain  the 


following: 


(59a) 


(59b) 


Eqs.  (59)  provide  us  with  four  equations,  two  real  and  two  imagi¬ 
nary.  The  imaginary  equation  arising  from  Eq.  -(59)  allows*  us  b u  t  two 


choices 


oB-  *  O 


4 ' 


The  solution  requiring  the  time  derivative  of  the  initial  state  amplitude  to 
be  zero  would  mean  that  no  transition  could  be  induced  by  the  collision. 
This  forces  our  acceptance  of  the  second  equation  which  yields  the  final 
state  growth  coefficient.  Our  state  growth  coefficients  are  now: 


We  consider  the  imaginary  equation  from  Eq.  (59)  as  modified  by 


Eq.  (60): 


•  =  ^  -J 

Again  app^ling  to  the  classical  path  relationship  between  distance  and 
time,  we  may  obtain  the  following  equation  from  this; 


From  this  equation  one  may  obtain  the  following  expression  for  the  final 
state  growth  coefficient: 


3  "***  ' 


(62) 


The  probability  for  transition  and  hence  for  the  inelastic  scatter¬ 
ing  under  consideration  here  is  the  square  of  this  state  growth  coefficient 
after  infinite  time.  In  order  to  obtain  the  cross  section,  we.  simply  aver¬ 
age  over  impact  parameter  with  the  following  results: 


aa 


The  expansion  of  the  sine  leads  to  an  expression  whose  first  term 
12 

Arthurs  has  shown  is  equivalent  to  the  Born  approximation. 


C.  The  Two  State  IP  Treatment  of  the  Proton  Oxygen  Case 


We  write  down  the  interaction  Hamiltonian  as  follows: 

/ 
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Our  first  task  is  the  evaluation  of  this  Hamiltonian  over  the  two 
molecular  states  involved  in  the  ine^stic  collision.  This  matrix  element 
was  defined  by  our  development,  and  we  recall  that  it  involves  only  the 
molecular  coordinates.  A  point  here  is  that  we  should  evaluate  this  ma¬ 
trix  element  over  the  states  of  the  molecule  as  perturbed  by  the  incident 
proton,  but  we  refer  to  our  discussion  in  connection  with  Eq.  (28e). 

This  matrix  element  is  given  by  Eq.  (29)  with  opposite  sign: 


/.00%l  , 

fir.  —  -  - - -h  -  (65) 

Eq.  (65)  describes  that  case  where  the  proton  proceeds  in  along 
the  molecular  figure  axis.  We  shall  suppose  one-third  of  the  oxygen  mole¬ 
cules  are  so  aligned,  that  is,  we  shall  suppose  their  internuclear  axis  are 
aligned  along,  say,  the  2  -axis  which  is  taken  as  the  proton  path.  The 
other  two-thirds  of  the  molecules  are  aligned  one-half  along  the  x-axis  and 
one -half  along  the  y-axis.  Let  us  consider  this  other  two -thirds. 

Let  us  suppose  the  proton  is  inbound  toward  the  oxygen  molecule 
in  the  plane  which  is  perpendicular  to  the  molecular  symmetry  axis  and 
which  contains  the  molecular  center  of  symmetry.  The  orbital  is 
identically  zero  in  this  plane  with  the  result  that  is  identically  zero. 
As  we  move  the  proton  path  away  from  this  plane  it  is  apparent  that 


will  increase  to  a  maximum  at  the  internuclear  axis.  But  it  is  also  ap¬ 
parent  that  the  majority  of  collisions  will  occur  more  nearly  under  this 
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than  under  the  former  (perpendicular  central  plane).  Therefore  we  are 
simply  going  to  assume  the  axis  collision  path  to  be  valid. 

Eq.  (65)  is  now  substituted  into  Eq.  (63).  We  suppose  that  the 
proton  maintains  its  initial  velocity  --  which  corresponds  to  the  momen¬ 
tum  k  --  until  it  reaches  a  particular  point  on  the  trajectory.  At  this 
point  it  instantaneously  attains  its  final  velocity  --  which  corresponds  to 
the  momentum  k'.  The  space  point  selected  for  the  change  is  x  =  0.  The 
inner  product  in  the  exponential  now  becomes: 

~  (66) 


and  the  bracketed  expression  in  Eq.  (63)  becomes 
O 


J, 

It 


-  J 7r' (67) 


Eq,  (6i|)  may  be  re-written  as: 
Ct> 


<95 

O  o 

The  right  side  of  Eq.  (63)  now  becomes: 


J aiu. it ^'m] dicj 

o 


(69) 


The  second  term  in  Fq.  (69)  becomes  important  at  energies  below 
one  thousand  electron  volts.  At  one  KeV  for  our  case  it  is  about  two  orders 
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of  magnitude  smaller  than  the  first  term  for  all  values  of  the  impact 
parameter.  We  therefor  drop  the  term. 

For  one  thosand  volts  and  above: 


Thus  Eq.  (63)  becomes: 

7^/^= 


Cb 
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(70) 


which  is  what  would  have  resulted  from  am  assumption  of  post  and  prior 
momentum  equality. 

This  expression  was  evaluated  on  a  desk  computer  for  a  sufficient 
number  of  impact  parameters  to  allow  evaluation  of  Eq.(63)  for  the  Schumann- 
Runge  excitation  and  for  values  of  the  proton  translational  energy  ranging 
from  1  to  50  KeV.  A  word  on  this  latter  evaluation  is  in  order. 

If  one  traces  the  behavior  of  \j)^l  inward  from  large^one  finds 
that  it  is  a  monotonically  increasing  function  until  a  point  a  few  units  from 
the  nucleus  is  reached.  At  this  point  the  function  passed  through  a  maxi¬ 
mum  and  then  oscillates  more  and  more  rapidly  at  lesser  separations. 

The  integration  inward  is  numerical  to  the  first  minimum  and  will  be  dis- 
cussed  in  a  moment.  From  the  first  minimum,  however,  we  take  IV  =  A 
SO  that  the  integral  has  a  value  4^i1  for  this  inner  portion. 

If  one  retains  the  infinite  upper  limit  for  the  integral  in  Eq.(63) 
the  form  of  the  interaction  will  lead  to  a  divergence.  This  is  a  formal 
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difficulty  at  worst  since  the  upper  limit  on  the  interaction  will  not  be  in¬ 
finite;  it  will  be  determined  by  the  shielding  effect  of  the  other  particles., 

We  choose  the  upper  limit  in  Eq.(63)  as  the  Debye  radius.  For  the  present, 
however,  we  may  not  specifically  evaluate  this  since  we  are  working  with 
no  particular  temperature  and  density.  We  choose  the  limit  as  fifty  units. 

In  Figure  V  we  illustrate  the  behavior  of  the  cross  section  for 
various  energies  as  a  function  of  impact  parameter.  The  total  cross  sec¬ 
tions  which  result  are  given  for  this  energy  range  in  Figure  VI. 

We  show  that  Eq.  (62)  reduces  to  the  Born  approximation  for 
large  v  or  small  HJ^.  We  first  make  the  following  approximation: 

which  depends  for  its  validity  on  large  v.  Next  the  sum  is  expanded  in  a 


which  reduces  to  its  first  term  for  large  v  or  small  H!^, 


Arthurs 


12 


has  shown  that  this  term  is  equivalent  to  the  Born  approximation. 
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SECTION  IV 

THE  MULTI  STATE  IMPACT  PARAMETER  TREATMENT 


We  consider  the  molecule  as  possessing  a  large  number  of  bound 
states.  In  this  development  we  do  not  include  continuum  states  for  the 
molecule.  We  take  the  following  expression  as  the  wave  function  for  the 
proton-molecule  system: 


In  this  equation  each  term  is  an  exact  solution  to  the  Schroedinger  equa¬ 
tion  for  infinite  separation  of  the  proton-molecule  system.  The  subscript 
"i”  runs  over  the  states  of  the  molecule.  When  Eq.  (71)  is  substituted  in¬ 
to  the  Schroedinger  equation,  all  terms  save  the  following  drop  out: 


,72) 


We  remark  here  that  the  k^^  is  negative  for  i  =  1  and  positive  of  various 
values  for  all  other  i.  The  normality  condition  for  the  wave  function  leads 
to 


=  / 


(73) 


Again  we  take  a  general  form  for  the  state  growth  coefficient  as 


follows: 


(74) 


0 
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At  minus  infinity  of  time  we  again  suppose  the  coefficient  corres¬ 
ponding  to  the  molecular  ground  state  to  be  unity.  Depending  on  the  trans¬ 
ition  in  which  we  interest  ourselves  we  then  are  concerned  with  the  value 
of  the  upper  state  coefficient  after  an  infinite  time.  This  we  proceed  to 
determine. 

First  we  make  the  following  rather  trivial  transformation  in  Eq.  (72): 


We  shall  now  multiply  Eq.  (72)  through  on  the  left,  first  by 
Cp^  then  by  [r 


so  on. 


The  result  is: 


Si  Cj  . 

We  now  add  Eqs.  (76)  to  obtain: 


^  *-3 


(76a) 

(76b) 

(76c) 


(77) 


Eq.  (77)  may  be  rewritten  as  follows; 


(78) 


There  are  two  ways  in  which  this  equation  could  hold.  First  the 
various  terms  or  certain  of  the  various  terms  could  be  non-zero  while 
some  remain  zero  under  all  conditions.  This  is  certainly  not  true  at 
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minus  infinity  of  time  since  there  the  time  rate  of  change  of  the  coeffi¬ 
cient  is  zero  while  the  matrix  element  of  the  perturbing  Hamiltonian  is 
zero.  Hence  it  follows  that  Eq.  (78)  is  zero  because  e a ch  term  in  Eq 
(78)  is  zero.  We  now  introduce  the  impact  parameter  treatment  and  again 
replace  "t"  by  "x".  Under  these  conditions  any  term  in  Eq.  (78)  may  be 
written  as 


(79) 


Eq.  (79)  has  the  familiar  and  immediate  solution; 


(80) 


Relationships  among  the^^,  and  the  are  required  n  o  w  for  the 
completion  of  the  calculation.  We  begin  by  forming  the  column  matrix 


which  we  term  the  amplitude  matrix  and  which  may  be  represented  as  ; 


- 


(81) 


With  this  definition  the  Schroedinger  equation  may  be  written  in  matrix 
form  as  follows: 


(82) 


We  multiply  this  equation  through  on  the  right  by  the  associate  matrix  a"*" 
to  obtain: 


(83) 
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Let  us  write  down  the  product  of  the  matrix  "a"  and  its  associate 
as  follows; 


(84) 


This  matrix  is  possessed  of  no  inverse  and  its  adjoint  ma  tr  ix 
is  a  null  matrix.  However,  we  may  form  the  pluverse  matrix  which  when 
it  multiplies  the  matrix  b  on  the  right  yields  the  null  matrix.  We  prove 
this  as  follows. 

First  of  all  the  elements  of  the  pluverse  matrix  are  defined  as 
follows: 


(85a) 


(85b) 


We  now  write  out  a  typical  element  of  the  product  matrix  as 


(86) 


s.  O 

which  demonstrates  that  multiplication  on  the  right  by  the  pluverse  matrix 
yields  the  null  matrix. 

We  multiply  Eq.  (83)  through  on  the  right  to  obtain  the  following  : 


(87) 


-44- 


An  an  example  we  treat  the  two  state  case.  First  of  all  the  coefficient 
matrix  and  the  product  of  this  matrix  with  its  associate  may  be  written 


We  may  form 


through  Eqs.  (85)  as 


(89) 


The  matrix  manipulation  indicated  by  Eq.  (87)  next  leads  to  two 
equations  in  the  amplitudes  and  phases.  First  through,  the  assumption 
of  a  constant  difference  between  the  two  phases  leads  to  the  following  ex 
pression: 


(90) 


Eq.  (90)  now  allows  us  to  write  down  one  of  the  two  equations  arising  from 
Eq.  (87)  as: 


The  solution  is: 

b-  I  (92) 

The  normality  condition,  of  course,  leads  immediately  to  the  re¬ 
lationship  among  the  amplitudes  and  we  have  obtained  the  same  result 
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which  was  obtained  in  the  previous  section  in  a  somewhat  more  straight¬ 
forward,  if  less  generally  applicable,  manner. 
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SECTION  V 

BIBLIOGRAPHICAL  REMARKS 


We  first  list  those  books  which  are  of  particular  interest  to 
scattering  problems  in  general. 
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Rohrlich:  Addison-Wesley  Publishing  Company,  Inc.,  Reading: 
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tiss  Hall,  Inc.  New  York:  1962. 

For  general  information  we  also  call  the  reader's  attention  to  the 
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''On  the  Convergence  of  Born  Expansions''  W.  Koha  Rev.  Mod. 
Phys.  ^  292  (1954). 

'Theory  of  Scattering  of  Slow  Electrons".  H.  S.  W.  Massey,  Rev. 
Mod.  Phys.  28,  199  (1956) . 


"Theory  of  Atomic  Collision'.'  H .  S  .  W.  Massey,  Handbuch  der 
Physik  XXXVI,  Page  232  (1956). 

"Excitation  and  Ionization  of  Atoms  by  Electron  Impact".  H.  S.  W. 
Massey,  Ifendbuch  der  Physik  XXXVI,  Page  307  (1956) . 
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Professor  Takayanagi  has  developed  a  very  comprehensive  ex¬ 
planatory  bibliography  of  non-nuclear  scattering  phenomena.  It  consists 
of  three  parts  plus  a  supplement  which  is  dated  August  1962.  Although 
No,  1  is  no  longer  available  it  is  understood  that  the  remaining  parts 
may  be  obtained  by  writing 

Professor  Kazuo  Takayanagi 
Department  of  Physics 
Saitama  University 
Urawa^  Saitama,  Japan 

The  bibliography  is  broken  down  as  follows: 

Collision  Theory.  Part  1 

I.  Excitation  and  Ionization  of  Atoms  by  Electron  Impact 

II.  The  collision  of  Electrons  with  Molecules 

III.  Theory  of  Inelastic  Molecular  Collisions 

Collision  Theory.  Part  II 

IV.  Atom  -  Ion  Atom  -  Atom  Inelastic  Collisions 

V . .  Charge  Transfer 

Collision  Theory.  Part  III 

VI .  Inelastic  Collisions  of  Electrons  with  Atoms  or  Molecules 
(experimental) 

VII .  Photoionization  and  Radiative  Recombination 

VIII.  Theory  of  Intermolecular  Forces 

The  supplement  lists  additional  references  divided  into  the  same 
categories  . 

We  now  list  some  additional  references  which  we  do  not  believe 
appear  in  the  Takayanagi  bibliography.  No  claim  to  exclusiveness  is 
made  for  the  following  listing,  and  we  hope  to  add  to  it  in  future  . 

I.  EXCITATION  AND  IONIZATION  OF  ATOMS  BY  ELECTRON 
IMPACT  (here  to  include  elastic  scattering  of  electrons) 
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Range  Dispersion  Forces. 


-63- 


1962S  W.  P.  Sholette  and  E.  E.  Muschlitz,  Jr.  J.  chem.  Phys.  36,  3368  (1962) 

Ionizing  Collisions  Of  Metastable  Helium  Atoms  I  n  Gases 

1962 S  B.  M.  Smirnov.  Zh.  eksper.  teor.  Fiz  .  43  ,  112  (1962) 

(English  trans:  Soviet  Physics- JETP) 

Inelastic  Collisions  Of  Light  Atoms  In  The  Adiabatic  Approximation 

1962S  E.  S.  Solov'ev,  R.  N.  Il’in,  V.  A  .  Oparin  and  N.  V»  Fedorenko.  Zh.  eksper. 
teor.  Fiz.  659  (1962) 

(English  trans:  Soviet  Physics  -  JETP) 

Ionization  Of  Gases  By  Fast  Hydrogen  Atoms  And  Protons 

1962T  P.  Toscheh.  F.  Naturforsch  17a,  356  (1962) 

Reference  Cross  Section  For  The  Scattering  Of  Neutral  Molecules 

1962Y  K.  S.  YunandE.  A.  Mason.  Phys.  of  Fluids  5  ,  380  (1962) 

Collision  Integrals  For  The  Transport  Properties  Of  Dissociating  Ai  r  At 
High  Temperatures 

V.  CHARGE  TRANSFER. 

1958K  R.  M.  Kushnir.  Ukrayin.  fiz.  Zh.  788  (1958) 

Charge  Exchange  Between  Caesium  Ions  And  Atoms. 

1959S  T.  J.  M.  Sluyters,  E.  de  Haas  and  J.  Kistemaker.  Physica.^,  1376 
(1959) 

Charge  Exchange  Ionization  And  Electron  Loss  Cross -Sections  In  The 
Energy  Range  5  to  24  keV  I. 

1960B  A.  M»  Bukhteev  and  Yu.  F.  Bydin.  Izv.  Ahad.  Nauk.  SSSR  24  ,  964  (1960) 
(English  trans:  Bull.  Acad.  Sci.  USSR  24,  964  (1960)  ) 

Resonance  Charge  Exchange  Of  Alkali  Metal  Ions  And  Atoms 

1960C  D.  V.  Chkuasdi,  U.  D.  Nikoleishvili,  A.  I.  Guldamashirli .  Izv.  Ahad. 

Nauk.  SSSR_^,  970  (1960) 

(English  trans:  Bull.  Acad.  Sci.  USSR  24 , 970  (1960)  ) 

Resonance  Charge  Exchange  Of  Positive  Alkali  Metal  Ions 
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1960G  E.  Gustafsson  and  E .  Lindholm.  Ark.  Fys.  J^,  219  (1960) 

Ionization  And  Dissociation  Of  H2  N2  and  CO  In  Charge  Exchange  Collisions 
With  Positive  Ions. 

1960K  W.  G.  Kauman.  Austral.  J.  Phys.  193  (1960) 

On  The  Flow  And  Exchange  Diffusion  Of  Electrons  And  Negative  Ions  Formed 
By  Molecular  Attachment 

1960K  R.  M-  Kushnir  and  I.  M-  Buchma.  Izv-  Ahad.  Nauk  SSSR  986  (1960) 
(English  trans:  BulL  Acad  Sci.  USSR  24,  986  (1960)  ) 


Further  Investigation  Of  Resonance  Charge  Exchange  Of  Positive  Cesium 
Atoms 

1960S  F.  Schwirzke.  Z.  Phys.  1^,  510  (1960) 

Ionization  And  Exchange  Cross-Sections  Of  Hydrogen  Atoms  And  Ions  Of 
9-60  keV  In  Hydrogen 

1960S  S.  Sunakawa.  Progr.  theor.  Phys.  963  (1960) 

On  The  Theory  Of  Rearrangement  Collisions 

1961D  T.  B.  Day,  L.  S.  Rodberg,  G.  A.  Snow  and  J.  Sucher.  Phys.  Rev.  123, 
1051  (1961) 

Note  On  Rearrangement  Collisions 

1961D  T.  M.  Donahue  and  F.  Hushfar.  Phys.  Rev.  138  (1961) 

Formation  Of  Negative  Ions  In  A  Gas  By  Charge  Transfer  From  A  Fast 
Atomic  Hydrogen  Beam 

1961F  Ya.  M.  Fbgel'.V.  F.  Kozlov  and  G.  N.  Polyakova.  Zh.  eksper.  teor. 
Fiz.  1186  (1960) 

(English  trans:  Soviet  Physics  --  JETP  1^,  826  (1961)  ) 

Double  Charge  Exchange  Of  Alkali  Metal  Ions. 

1961M  M.  H.  Mittleman.  Phys.  Rev.  122,  1930  (1961) 

Formal  Theory  Of  Rearrangement  Collisions 

1961M  Yu.  E.  Murakhver.  Zh.  eksper.  teor.  Fiz.  1080  (1961) 

(English  trans:  Soviet  Physics  --  JETP  13,  762  (1961)  ) 

Resonance  Charge  Exchange  In  Hydrogen  And  Sodium 
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1961P  I.  Popescu.  Proc.  Phys-  Soc.  78,  584  (1961) 

On  Resonant  Charge  Transfer  In  Ionized  Dense  Gases 

1961R  A..  Ramakrishman,  G.  Ramachandran  and  V.  Devanathan.  Nuovo  Cimento 

145  (1961) 

A  Time -Dependent  Approach  To  Rearrangement  Collisions. 

1961S  A.  Schmid.  Z.  Phys.  1^,  550  (1961) 

Dissociation  And  Charge  Exchange  Of  Hydrogen  And  Deuterium  Molecular 
Ions  By  Passing  Ghrough  Hydrogen 

1962D  H.  G.  Dehmelt  and  F.  G.  Major.  Phys.  Rev.  Letters  8  ,  213  (1962) 

Orientation  of  (He  )'^  Ions  By  Exchange  Collisions  With  Cesium  Atoms 

1962F  W.  L.  Fite,  A.  C,  H.  Smith,  R.  F.  Stebbings.  Proc.  Roy.  Soc.  A268, 
527  (1962) 

Charge  Transfer  In  Collisions  Involving  Symmetric  And  Asymmetric 
Resonance 

1962H  J.  B.  Hasted  and  A.  R.  Lee.  Proc.  Phys.  Soc.  7^,  702  (1962) 

The  Near- Adiabatic  Criterion  In  Charge  Transfer  Collisions. 

1962H  A.  Henglein  and  G .  A.  Muccini.  F.  Naturforsch  17a,  452  (1962) 

Mass  Spectrometric  Observation  Of  Electron  And  Proton  Transfer  Reac¬ 
tions  Between  Positive  Ions  And  Neutral  Molecules. 

1962J  B.  L.  Johnson.  J  appl .  Phys.  739  (1962) 

Charge  Transfer  Scattering  In  High-Velocity  Neutral  Particle  Production 

1962K  M.  V,  Kazarnovskii  and  A.  V.  Stepanov.  Zh.  eksper.  teor.  Fiz  .  489 

(1962)  (English  trans;  Soviet  Physics  --  JETP) 

Theory  Of  Resonance  Scattering  On  Atomic  Systems  I.  Deduction  of  Gen¬ 
eral  Formulae. 

1962M  Yu.  E  .  Murakhver.  Zh.  eksper  teor.  Fiz.  1241  (1962) 

(English  trans;  Soviet  Physics  -  JETP) 

Resonance  Charge  Exchange  In  Atomic  Hydrogen 
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19620  G,  N.  Ogurtsev  and  I.  P,  Flaks.  Zh.eksper.  teor.  Fiz,.  42,721  (1962) 

Charge  Exchange  Of  Xe^"^  and  Xe^'*’  In  Neon 

VI,  INELASTIC  COLLISIONS  OF  ELECTRONS  WITH  ATOMS  OR  MOLECULES 
(experimental) 

1959H  M.  E.  Haine  and  A.  W-  Agar.  Brit.  J.  appl.  Phys.  ^0,  341  (1959) 

Differential  Scattering  Cross-Section  Of  Atoms  To  Medium  Energy 
Electrons  At  Small  Angles. 

1959P  A.  V.  Phelps  and  J.  L.  Pack.  Phys.  Rev.  Letters^  340  (1959) 

Electron  Collision  Frequencies  In  Nitrogen  And  In  The  Dower  Ionosphere 

1959P  A,  N.  Prasad  .  Proc.  Phys-  Soc.  7£.  33  (1959) 

Measurement  Of  Ionization  And  Attachment  Coefficients  In  Dry  Air  In 
Uniform  Fields  And  The  Mechanism  Of  Breakdown 

1960F  R.  D  .  Fox.  J.  chem.  Phys.  _3^,  385  (1960) 

Threshold  Ionization  Of  HCl  By  Electron  Impact 

t 

1960K  I,  U.  Kubc  and  Y.  Inuishi  ,  Technol ,  Rep.  Osaka  Univ.  565  (1960) 

Measurement  Of  Gaseous  Discharge  Plasma  With  Microwave  Interfer¬ 
ometer  . 

1960S  M.  S.  Sodha.  Proc.  Phys.  Soc.  439  (1960) 

Estimation  Of  Inelastic  Collision  Cross  Section  From  Electron  Mobility 
Measurements. 

1961B  M.  A  .  Biondi.  Planet.  Space  Sci.^.  104  (1961) 

Measurements  of  Electron  Attachment  Recombination  Elastic  And  In¬ 
elastic  Collisions  In  Atmospheric  Gases. 

1961C  R.  K.  Curran  and  R,  E.  Fox.  J.  chem.  Phys-  1590  (1961) 

Mass  Spectrometer  Investigation  Of  Ionization  Of  N2O  By  Electron  Impact 
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1961D  K.  T.  Dolder,  M,  F.  A.  Harrison  and  P,  C.  Thonemann,  Proc.  Phys. 
Soc.  264A.  367  (1961) 

A  Measurement  Of  The  Ionization  Cross  Section  Of  Helium  Ions  By  Elec¬ 
tron  Impact 

1961N  R-  H.  Neynaber,  L.  L.  Marino,  F,  W,  Rothe  and  S.  M.  Trujillo.  Phys. 
Rev.  148  (1961) 

Low-Energy  Electron  Scattering  From  Atomic  Oxygen 

1961N  R.  H.  Neynaber,  L.  L  .Marino,  E.  W.  Rothe  and  S.  M.  Trujillo.  Phys. 
Rev.  1^,  135  (1961) 

Scattering  Of  Low  Energy  Electrons  By  Atomic  Hydrogen 

1961N  V.  S.  Nikolaev  ,  L.  N.  Fateeva  ,  I,  S.  Dmitriev  and  Ya,  A.  Teplova.  Zh  . 
eksper.  teor  .  Fiz.  41,  89  (1961) 

(English  trans:  Soviet  Physics  -  JETP) 

Capture  Of  Several  Electrons  By  Fast  Multicharged  Ions. 

1961S  1.  P.  Shkarofsky,  M„  P.  Bachynski  and  T.  W.  Johnston.  Planet.  Space 

Sci.  6  ,  24  (1961) 

Collision  Frequency  Associated  With  High  Temperature  Air  And  Scattering 
Cross-Sections  Of  The  Constituents 

1961Z  I.  P.  Zapisochnir,  S.  M.  Kishko,  V.  S.  Shevera,  P.  F.  Fel'tsan,  L.  L. 
Shimon.  Ukrayin  Fix.  Zh.  6,770  (1961) 

A  Spectroscopic  Study  Of  The  Excitation  Functions  Of  Atoms  And  Molecules 
1962A  P.  Armbruster.  Z.  Phys  .  166  ,  341  (1962) 


Ionization  Of  The  Inner  Electron  Shells  In  The  Stopping  Of  Fission  Fragments 

1962H  J.  W  .  Hooper,  D,  S  .  Harmer,  D.  W.  Martin  and  E.  W.  McDaniel.  Phys. 
Rev.  125  ,  2000  (1962) 


Comparison  Of  Electron  And  Proton  Ionization  Data  With  The  Born  Approxi¬ 
mation  Predictions 

1962K  A.  F.  Klein.  Phys.  of  Fluids  5  , 392  (1962) 

Measurement  Of  Hall  Electromagnetic  Force  In  Air. 
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1962M  C.  E  Melton.  J.  chem.  Phys.  562  (1962) 

Ionization  And  Excitation  Processes  In  Argon  Krypton  And  The  C2  Hydro¬ 
carbons  Produced  By  Various  Means. 

1962P  J,  L  .  Pach  ,R.  E  .  Voshall  and  A  ,  V  .  Phelps.  Phys.  Rev.  1^,  2084  (1962) 

Drift  Velocities  Of  Slow  Electrons  In  Krypton  Xenon  Deuterium  CO  CO2 
HgO  NgO  and  NHg 

1962R  E  ,  W.  Rothe,  L..  L.  Marino,  R.  H.  Neynaber  and  S.  M.  Trujillo.  Phys. 
Rev.  582  (1962) 

Electron  Impact  Ionization  Of  Atomic  Hydrogen  And  Atomic  Oxygen 

VII.  PHOTOIONIZATION  AND  RADIATIVE  RECOMBINATION 

1960B  D.  L.  Bunker.  J.  chem.  Phys,  32  ,1001  (1960) 

Mechanics  Of  Atomic  Recombination  Reactions. 

1960D  I.  S.  Dimitriev,  V.  S.  Nikolaev,  L.  N.  Fateeva,  Ya  A.  Teplova.  Izv. 
Ahad.  Nauk,  SSSR^  1169  (1960) 

(English  trans;  Bull.  Acad.  Sci-  USSR_^  1169  (1960)) 

Concerning  The  Mean  Charge  Of  Ions  Passing  Through  Matter 

1960K  M.  V.  Kenyukov,  Izv.  Ahad.  Nauk,  SSSR  ^  ,  989  (1960) 

(English  trans:  Bull.  Acad.  Sci-  USSR  96  9  (1960)  ) 

Indirect  Evaluation  Of  Electron  Attachment  Cross  Section 

1960S  D.  R.  Sweetman  -  Proc-  Phys  -  Soc-  76  ,  998  (1960) 

The  Lifetime  Of  The  H^  Ion 

1961B  D.  R  -  Bates  and  A.>  E.  Kingston.  Nature  189 ,  652  (1961) 

Recombination  Through  Electron-Electron  Collisions 

1961B  M.  S.  Bhalla  and  J,  D.  Craggs  -  Proc.  Phys  -  Soc-  7^,  438  (1961) 

Measurement  Of  Ionization  And  Attachment  Coefficients  In  Carbon  Monox¬ 
ide  In  Uniform  Fields 


-69- 


1961D  N.,  D'Angelo.  Phys.  Rev.  505  (1961) 

Recombination  Of  Ions  And  Electrons 

1961M  K.  Mork  and  H  Olsen.  Phys  NorwegJL,  21  (1961) 

Forward  Emission  Of  Photoelectrons  At  High  Energies. 

I961N  V-  S.  Nikolaev,  I.  S.  Dmitriev,  L.  N.  Fateeva  and  Ya  A.  Teplova.  Zh- 
eksper.  teor.  Fiz.  989  (1961) 

(English  trans;  Soviet  Physics- JETP  13,  695  (1961)  ) 

Experimental  Investigation  Of  Electron  rapture  By  Multiply  Charged  Ions 

1962B  D.  R.  Bates,  A.  E.  Kingston  and  R.  W.  P  McWhirter.  Proc.  Roy  Soc , 
267,  297  (1962) 


Recombination  Between  Electrons  And  Atomic  Ions.  1.  Optically  Thin 
Plasmas 

1962B  D.  R.  Bates.  Planet  Space  Sci.  9^,  77  (1962) 

Dielec tronic  Recombination  To  Normal  Nitrogen  And  Oxygen  Ions 

r 

1962B  L.  M.  Biberman,  G.E.  Norman,  K.  N,  Ul'yanov.  Astroa  Zh.  105 
(1962) 

(English  trans;  Soviet  Astron  -  AJ  6,  77  (1962) 

The  Photoionization  Of  Excited  Complex  Atoms  And  Ions 

1962B  S.  Byron,  R.  C.  Stabler  and  P.  I.  Bortz.  Phys.  Rev.  Letters  8 ,  376 
(1962) 

Electron-Ion  Recombination  By  Collisional  And  Radiative  Processes 

1962G  E.  P.  Gray  and  D.  E.  Kerr.  Ann.  Phys.  IT^  276  (1962) 

The  Diffusion  Equation  With  A  Quadratic  Loss  Term  Applied  To  Electron- 
Ion  Volume  Recombination  In  A  Plasma 

i 

1962H  J.  B-.  Hasted  and  A.  Y.  J.  Cheng,  Proc.  Phys  .  Soc.  441  (1962) 
Electron  Capture  Processes  For  Multiply  Charged  Ions 
1962K  I.  R.  King.  J.  chem.  Phy,  74  (1962) 


Recombination  Of  Ions  In  Flames 
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1962P  L.  P.  Pitayevskii,  Zh.  eksper.  teor.  Fiz,  1326  (1962) 

(English  trans:  Soviet  Physics -JETP) 

Recombination  Of  Electrons  In  A  Monatomic  Gas 

1962P  L.  I.  Pivovar,  M,  T.  Novikov  and  V,  M.  Tulaev,  Zh.  eksper.  teor.  Fiz. 
1490  (1962) 

,  (English  trans:  Soviet  Physics- JETP) 

Electron  Capture  By  Helium  Ions  In  Various  Gpses  In  The  300-1500  KeV 
Energy  Range 

1962R  V.  E.  Romanov.  Optika  i  Spekt,  1^,  111  (1962) 

(English  trans:  Optics  and  Spect.  12,  54  (1962)  ). 

Calculation  Ctf  A  Cross  Section  Of  The  Free  Free  Transition  Of  An  Electron 
In  The  Field  Of  A  Neutral  Hydrogen  Atom. 


VIII,  THEORY  OF  INTERMOLECULAR  FORCES 

1959H  H-  Hostettler  and  R.  B.  Bernstein.  J.  chem.  Phys.  1422  (1959) 

Comparison  Of  Exp-6  L  -J  (12  6)  And  Sutherland  Potential  Functions 
Applied  To  The  Calculation  Of  Differential  Scattering  Cross  Sections 

1959K  D.  D.  Konowalow,  J.  O.  Hirschfelder  and  B.  Linder.  J.  chem.  Phys. 
^  1575  (1959) 

Low -Temperature  Low-Pressure  Transport  Coefficients  For  Gaseous  . 
Oxygen  and  Sulfur  Atoms 

1960G  R.  Gaspar  .  Acta  phys ..  Hungar.  71  (1960) 

A  Theoretical  Estimation  Of  The  Interaction  Energy  Of  Inert  Gas  Atoms 

1960J  W.  J.  Jameson,  Jr.  and  H-  Aroeste.  J,  chem.  Phys.  32,  374  (1960) 

Short-Range  Interaction  Between  A  Hydrogen  Molecule  And  A  Hydrogen 
Atom  II 

1960L  G.  H.  Lane  and  E  .  Everhart.  Phys-  Rev-  120  ,  2065  (1960) 

% 

Ion-Atom  Potential  Energy  Functions  Obtained  From  keV  Scattering  Data 
I .  S  .  Srivastava.  Indian  J,  Phys.  539  .(I960) 

Intermolecular  Potential  And  Properties  Of  Argon 


1960S 
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1960Z  R.  W.  Zwanzig.  Molecular  Phys.  305  (1960) 

Intermolecular  Forces  From  Optical  Spectra  Of  Impurities  In  Molecular 
Crystals 

I96IA  I,  Amdur,  M.  S.  Longmire  and  E.  A,  Mason,  J.  Chem.  Phys.  35,  895 
(1961) 

Scattering  Of  High  Velocity  Neutral  Particles.  XII  He--CH4;  He--CF4; 
CH4--CH4  and  CF  4--CF4  Interactions. 

1961A  I.  Amdur.  Planet.  Space  Sci.  228  (1961) 

An  Experimental  Approach  To  The  Determination  Of  Gaseous  Transport 
Properties  At  Very  High  Temperatures 

1961A  I.  Amdur,  J.  E.  Jordan  and  S.  O.  Colgate.  J.  chem.  Phys.  1525 
(1961) 

Scattering  Of  High-Velocity  Neutral  Particles.  XI  Further  Study  Of  The 
He -He  Potential. 

1961B  A.  K.  Barua  and  P.  K.  Chakraborti.  Physica  2^,  753  (1961) 

Krypton  Krypton  Molecular  Interaction 

1961B  R.  S.  Brokaw,  Phys.  of  Fluids  4  ,  944  (1961) 

Estimated  Collision  Integrals  For  The  Exponential  Attractive  Potential 

1961K  I.  Kay  and  H.  E.  Moses.  Nuovo  Cimento  22,  689  (1961) 

The  Determination  Of  The  Scattering  Potential  From  The  Spectral  Measure 
Function  V  The  Gelfand -Levitan  Equation  For  The  Three-Dimensional 
Scattering  Problem. 

1961M  M.  R.  C.  McDowell  and  G.  Peach.  Phys.  of  Fluids  4,  1332  (1961) 

Quantal  Study  Of  Diffusion  And  Viscosity  Cross  Sections  For  A  Screened 
Coulomb  Potential. 

1961S  I  B.  Srivastava.  Indian  J.  Phys.  35  ,  86  (1961) 

Intermolecular  Potentials  of  H2  and  D2. 

1962A  I.  Amdur  and  R.  R.  Bertrand.  J.  chem  Phys.  3^,  1078  (1962) 

Redetermination  Of  The  He -He  Interaction  Between  0  55  and  1.  OA 


1962B  R.  G  Breene,  Jr.  JQSRT  2,  225  (1962) 

Dipole  Moment  Induction  In  Homonuclear  Diatomic  Molecules  I.  The 
Coulomb  Case. 

1962C  R.  D.  Cloney  and  J.  T.  Vanderslice,  J.  chem.  Phys.  ^,1866  (1962) 

Interaction  Energies  From  Scattering  Cross-Sections  Of  Hydrogen  Ions  In 
CH4  CF4  CaHg  and  C2F6 

1962C  R.  D  .  Cloney,  E.  A.  Mason  and  I  T.  Vanderslice.  J.  chem.  Phys,  36, 

•  1103  (1962) 

Binding  Energy  For  Ar^  From  Ion  Scattering  Data 
1962C  A.  Cohen  and  C.,  H.  Blanchard.  J.  chem.  Phys.  1402  (1962) 

New  Class  Of  Potential  Functions 

1962F  R-  J.  Fallon,  J.  T.  Vanderslice  and  R.  D,  Cloney.  J.  chem.  Phys,  37, 
1097  (1962) 

Potential  Curves  And  Rotational  Perturbations  Of  CN 

1962K  I,  Kirobkin  and  Z,  I  .  Slawsky,  J.  chem.  Phys.  226  (1962) 

Effects  Of  Electronic  Exchange  On  The  Efficiency  Of  Vibrational  Excitation 
By  Molecular  Collisions.  I  Interaction  Potential 

1962M  F.  A.  Morse,  R.  B  Bernstein  and  H.  V.  Hostettler,  J.  chem.  Phys.  36, 
1947  (1962)  ~ 

Evaluation  Of  The  Intermolecular  Potential  Well  Depth  From  Observations 
Of  Rainbow  Scattering;  Co-Hg  &  K-Hg 

1962N  R.  G-  Newton.  J.  math.  Phys.  Z.  75  (1962) 

Construction  Of  Potentials  From  The  Phase  Shifts  At  Fixed  Energy 

1962S  D‘.  Steele,  E-  R.  Lippincott  and  J.  T.  Vanderslice.  RMP  34,  239  (1962) 

Comparative  Study  Of  Empirical  Internuclear  Potential  Function 

We  add  the  following  categories  to  those  adopted  by  Professor 
Takayanagi: 
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A,  BORN  APPROXIMATION  (General) 

1957G  M.  Gavrila.  Stud,  cercetari  Fiz.  S,  421  (1957) 

Derivation  Of  Sauter's  Formula  For  The  Photoelectric  Elect  By  Means 
Of  Born's  Approximation  Method. 

1960D  H.  Davies.  Nuclear  Phys.  14^,  464  (1960) 

On  The  Convergence  Of  The  Born  Approximation 

1961A  A.  M.  Arthurs.  Proc.  Cambridge  Phil.  Soc.  904  (1961) 

The  Mathematical  Equivalence  Of  The  Born  Approximation  And  The  Method 
Of  Impact  Parameters 

1961M  B.  L  .  Moiseiwitsch.  Proc .  Phys  .  Soc.  'm.  616  (1961) 

Scattering  By  The  Screened  Coulomb  Potential 
1962K  M.  V.  Kazarnovskii  and  A.  V.  Stepanov.  Acta  phys.  Hungar.  14,  45  (1962) 
Theory  Of  Resonance  Scattering  On  Atomic  Systems. 

1962S  P.  Swan.  Nuclear  Phys.  281  (1962) 

Distorted  Wave  Approximation  For  Tensor  Force  Interactions 

B  BOUNDS 

1959S  L.  SpruchandL.  Rosenberg.  Phys.  Rev.  116,  1034  (1959) 
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